IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Quantum structure of the motion groups of the two-dimensional Cayley-Klein geometries

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1993 J. Phys. A: Math. Gen. 26 5801
(http://iopscience.iop.org/0305-4470/26/21/019)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 01/06/2010 at 19:58

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/26/21
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

I, Phys. A: Math. Gen. 26 {1993} 5801-5823. Printed in the UK

Quantum structure of the motion groups of the
two-dimensional Cayley-Klein geometries
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Departamento de Fisica Tedrica, Universidad de Valladolid, E—47011 Valladolid, Spain

Received 8 April 1993

Abstract. A simultanecus and global scheme of quanium deformation is defined for the
set of algebras corresponding to the groups of motions of the two-dimensional Cayley-Klein
geometries. Their central extensions are also considered under this unified pattern. In both cases
some fundamental properties characterizing the classical K geometries (as the existence of a
set of commuting involutions, contractions and dualities relationships), remain in the quantum
version.

1. Introduction

During the last few years, a wide range of literature has appeared about quantum groups
(QG) (see [1-3] and references therein). The theory of quantum deformations of the
universal enveloping algebras of semisimple Lie algebras has been studied rather extensively,
However, for non-semisimple cases the results are partial. The most successful technique
in order to get quantum deformations of non-semisimple algebras has been shown to be
a generalized contraction method developed by Celeghini ef af [4]. These authors have
obtained [5,6] a one-dimensional Heisenberg QG and a two-dimensional Euclidean QG,
E(2)4, by contraction of SU(2}),. In [7] a three-dimensional Euclidean QG, E(3),, as well
as some of its representations are obtained from SO(4),. By contracting again E(3),,
a (2 + 1) Galilei QG, G(2 + 1),4, can be obtained. In the opposite sense, £(3), and a
{2+ 1) Poincaré QG, P(2+ 1),, are realized by an expansion of G(2+ 1),. Throughout all
these works, the essential feature is that the deformation parameter has to be transformed
under contraction. Furthermore, physical applications of these algebras have been found
by the same authors [8-11]. All these physical integrable models are strongly related
with the presence of deformed commutation relations within the quantum algebra structure.
Lukierski et @/ have also studied (3 4 1) Poincaré quantum algebras starting from the real
forms U, (0 (3, 2)) of U,(SI(4, C)) and following again a contraction method [12-14]. (See
also [15] for another method to get consistent Hopf structures correspondmg to some of
these groups).

On the other hand, the classical versions of most of these groups appear as groups of
motions of Cayley—Klein geometries (CKG). Recently a group-theoretical approach has been
given for the N-dimensional CKG [16-18]; we want to use this scheme in order to build a
unified pattern for the g-deformation of the Lie algebras and of the Lie groups of motions
of these CKG. Throughout this paper the {eading idea is 1o develop a scheme which might
be extended to higher dimensions. Of course, the starting point is the N = 2 case (whose
geometries will be hereafter referred as 2D-CKG) where the groups of motions are S§CO(3),
SG(2, 1), the (1 4+ 1) Galilei and Poincaré groups and the Euclidean plane group E(2).
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The nen-simple groups in this set can be got by means of Indni—Wigner [19] contractions,
starting from SO (3) and/for SO(2, 1).

By using a different prdccdurc Man’ko and Gromov [20,21] have studied the
contractions of the irreducible representations of the so-called CKq unitary and CKq
orthogonal algebras, i.e. a quantum version of the families of algebras obtained from su(2)
and so(3) by contraction and analytic prolongations. The result of an Intnii-Wigner (IW)
contraction is formally given in this case by simply replacing some ‘parameters’ from real
or complex imaginary values to double ones, The CK algebras are thus quantized, but the
contracted cases do not correspond to the quantizations of algebras given by Celeghini et a/
due to the fact that the deformation parameter is left unchanged under confraction. Another
feature of the Man'ko and Gromov approach is that the contracted CK ¢-algebras can have no
deformed commutation relations, and are therefore less suitable as g-symmetries of physical
systems in the spirit of the above mentioned works.

In our global scheme of the 2D-CKG the CK groups and their related CKG are determined,
as we shall see in section 2, by two real parameters (k), &) that have—in the classical case—
a precise geometrical meaning: they are, respectively, the curvatures of the spaces of points
and lines of the geometry. Consequently, our approach to the simultaneous quantization
of the 2D-CK groups is more geometrical than that of Man’ko and Gromov [22,23]. We
start from the classical (non-deformed) CK algebras and we endow these algebras with a
deformed Hopf structure [24], getting a simultaneous quantization of all of them. This
deformation has an essential property: the specific characteristic relationships among the
2D-CKG appearing in the classical case (involutions, contractions and dualities) are preserved
in their quantum version by defining a generalization of this underlying ‘geometrical’
structure. In particular, our generalized scheme prevents the deformed commutation relation
to disappear and contains as generalized contractions the ones defined in [5-7]. When
applied to the specific cases of E(2),, G(1 + 1) and P(1 + 1),, our method leads to
the results of Celeghini et al. It is interesting to mention that in their quantization and
contraction procedures, these authors assume the rather natural commutative diagram:

G, 2 cq,
g1 4 g1y
¢ 22 co.

Thus, the process of classical limit (g — 1) that goes from the quantum group to its classical
version commutes with the contraction limit (¢ — 0) that carries a (quantum) group to its
contracted (quantum) version. In our approach, the Hopf structure is defined a priori for
ali the algebras, and this commutative diagram arises after the introduction of the whole CK
structure is completed. Furthermore, a ‘regular’ description of contractions is also obtained,
in the sense that the contracted group can be reached both as the ‘limit” ¢ — 0 of the
pertinent family, and also considered by itself when one (or more) of the constants «; takes
on zero values.

There is another interesting result that arises from our perspective: the equivalence
between the emergence of a kind of contraction that transforms the deformation parameter
and the interpretation of the latter—essential in the physical models quoted before—as a
fundamental scale. Both statements are recovered at the same time from the quantumn CK
structure. From a physical point of view, the fundamental involutions are linked with parity
and time reversal transformations. Since their quantum generalization includes an action of

these automorphisms on the deformation parameter, this immediately acquires a dimensional |
interpretation.
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We also present a quantization scheme for the central extensions of the above CK
algebras. It is well known that the extended groups are sometimes the physically relevant
ones in quantum mechanics. Thus, it is the central extension of the Galilei group G(3+ 1)
which gives rise to the mass of the physical system having Galilean symmetry; the pertinent
realizations are the representations up to a factor of the Galilei group, whose equivalence
classes are in relation with the factor systems [25]. Overall, the second cohomology group of
any of these 2D-CK algebras [26] is either equal to RZ, R or {0} (this for the simple algebras
so(3) and so(2, 1)). In order to present a global study and to shed light on the behaviour
of these extensions under contraction, it turns out to be fruitful to consider extensions of all
the CK algebras either by R? or R, though for some cases these extensions are trivial (yet
become non-trivial by contraction [27]). In the quantum case, a global Hopf structure for
all the extended CK algebras is given by considering as primitive one of the two generators
of the central extensions.

This paper is organized as follows. Section 2 presents an overview about the main
features of the 2D-CKG, paying special attention to the properties that will be conserved in
the quantum case: involutions, geometrical structure related by contractions and dualities.
We also describe the central extensions of all the CK algebras and we give a generalization
of the above mentioned structure to this case. Section 3 develops in a detailed manner the
quantization for both the non-extended and the extended CK algebras. In the next section
we study the properties of the 2D-CKG that remain after quantum deformation, in both the
non-extended and the extended cases. Finally some remarks relevant to the paper.

2. The Cayley-Klein algebras

We start this section by presenting an overview about the 2D-CKG in order to make this
paper self-contained (see also [16, 18]). A more detailed and thorough exposition of the
classical case is in preparation [17]. The second part deals with the central extensions of
the CK groups. We give a detailed and global exposition; see also [25-30] where aspects
of some cases are discussed separately,

2.1. The two-dimensional Cayley—Klein geometries

By a 2D-CKG we understand a geometrical system with two 2D-manifolds of points X and
lines X'V, both of which are symmetric homogeneous spaces of a three-dimensional Lie
group G, relatively to a system of two commuting involutions of the Lie algebra g of G.
More precisely, the requirements are:

(1) There exist two commuting involutions Sy and S;;, of the Lie algebra of G, g, with
one-dimensional subalgebras of invariant elements ¥ and ', respectively.

(2) The group G acts transitively and effectively on the symmetric homogeneous spaces
A® =G/H and XV = G/H™, where H'D and H'P are the subgroups corresponding
to the subalgebras §'? and h'. ,

These two conditions suffice to characterize completely the 2D-CKG from a group-
theoretical point of view. If we call J» (resp P;) the invariant element of S, (resp Sy)),
a basis of g can be obtained by adding the invariant element Pz under Sz = Sio) Sy In
this basis, the involutions are given by

Sy (Pry Py dia) — (=P, =Py, J12) Sy 1 (P Poy Ji2) — (P, —Po, —J12).
(2.1)
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Note that the identity and the involutions (S, S(1), Si2)) determine a Z, ® Z; Abelian
group.

A set of measures of “separation” between points and/or lines can be defined in a natural
way; they are preserved under the action of G. 1t is easy to show that the systems satisfying
the two requirements are characterized by two reaf parameters, each of which can be rescaled
to either 1, 0 or —1, so there are nine essentially different systems.

In fact, the general commutation relations for P;, Py and Ji» will be

[Jiz, Pl = A [fi2, P2]= B (B, P]l=C 2.2)

where A, B and C are linear combinations of the basic generators. Making use of the facts
that Sioy and Sy, are involutions and that G acts effectively on X'® and X!}, (2.2) becomes

[fi2, Pl = P, {Ji2, Pl = =2 P [P, BRl=x1/2 2.3)

where k; and k3 are two real parameters. So, each CKG is determined by {x;, «3), and
we will denote G4, xs) (x, 4yy) the CK group (algebra) with commutation relations given
by (2.3).

A generic expression for the second-order Casimir of g, ., i8

C = P} + 1P} + 100 (2.4)

Table 1. The nine two-dimensional CK geometries.

Measure of distance

Measure Efliptic Parabolic Hyperbolic
of angle k=1 k=0 Ky =-1
Elliptic Euclidean Hyperbolic
$0(3) 50 502, 1)
Elliptic [h2, P1l= P, [iz, Pl = Py L2, Pl = Py
k2=1 [fiz. P2] = - P [f12. P2) = - P [f1z, Pal = -P,
(P Pi=dniz (A P]=0 [Py, PAl=~-J1z |
C=PR+ P40} C=P}+ P} C=Pl+PI-J3
Co-Euclidean Galitean Co-Minkowskian
I150@Q2) F180Q(1) 18011}
Parabolic 2. P1l= P2 2. Pll=F [F12, Pi) = Py
k2 =0 [i2. P21=0 [iz. P2l =0 [Jiz. P21=0
th, P2l =iz [P, P2l =10 [P Pl==J2
C=r+1} C="F} C=pPl-J}
Co-hyperbolic Minkowskian Doubly hyperbolic
S0, 1 1S0(1, ) S02,1)
Hyperbolic [fi2. Pl = Py iz, Pil =Py [Ji2) P11 = P2
wy=-1 [f12. P2l = Py iz, P2l = P [f12, Pa] = Py
[P1. Pa] = 12 [P, P2l =0 [P, P2 = ~Jp2
C=P}-P}+J} C=P;-P} C=pP}-Pl -0}

The geometrical meaning of the above hypotheses is as follows: let € be the coset of
H® in G/H® = X the subgroup H® = (J;,) is the isotopy group for the action of
G on X', and Ji; is the infinitesimal generator of ‘rotations’ around this point O, The
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involution 8o, appears as the symmetry (half turn) around O. Rotations around other points
are obtained by conjugation. Likewise, let / be the coset of H'V in G/HV = XD; the
subgroup H™ = ({Py} is the isotopy group for the action of G on X", When one considers
the action of G on G/H® = X0 the “first-kind’ line 7 will appear as the trace of the point
O under the subgroup H'Y, hence the name of P; as the generator of translations along
the line I. The involution $y;, comesponds to the reflection in the line /. The incidence of
O and / is embodied in the commutativity of the associated involutions. The remaining
generator, P, whose involution Sy commutes with S and S;, is similarly associated
to a ‘second-kind’ line !’ through O and orthogonal to /; the incidence @ € /' and the
orthogonality between { and I are again embodied in the commutativity of the associated
involutions.

Furthermore, the symmetric space X@ (resp AV’ has a canonical connection, whose
curvature turns out to be constant and equal to & (resp &7). Finally we note the following
relevant aspects.

(1) The sheaf of points on a first-kind line is an elliptical/parabolical/hyperbolical one
according to whether &, is greater than/equal to/less than zero.

(2) Idem for the sheaf of points through a second-kind line depending on « k5.

(3) Idem for the sheaf of lines through a point now in concordance with «,.

So the three values «y, k13 and &, are somewhat linked to the generators Py, P; and
Ji2 (see also expressions (2.8) and (2.9)).

Table 1 displays the nine 2D-CKG with k), and x; reduced to the ‘standard’ values
(1,0, —1). It gives the motion group (as an abstract group), the Lie brackets and the
second-order Casimir. It is worth remarking that the motion groups of 2D-CK systems fall
into five isomorphic classes, as for some cases the choices of the involutions Sy, S¢y within
an ‘abstract’ group can be made in two or more non-equivalent ways [31]. In other words,
there are essentially different choices of the two homogeneous spaces X', AV on which
the same ‘abstract’ group acts. Among them there are two simple groups: SO(3) and
S0(2,1). They appear in the comers of table 1, which correspond to non-zero values of
both curvatures. The other three can be obtained by contractions starting from the simple
ones. They are: the 2D-Euclidean group, £(2) (or /S0(2)), the 141 Galilei group, G(1+1)
(or 1180(1)), and the 1 + 1 Poincaré group P(1 4 1) {or 7SO(1, 1)).

Two kinds of IW contractions are singled out in a natural way in this scheme, which
correspond to contractions ‘around’ a point and ‘around’ a line. The basic involutions S,
and S;)y determine a direct sum of g, ,,, into the subspaces of invariant and anti-invariant
elements; more precisely, each involution determines a Z; grading of g, ,,, and altogether
a Z?z. This structure induces in general new kinds of contractions, called graded ones [32-
34}, that can be specialized to the CK algebras [35]. At the same time they determine an Iw
contraction, obtained by keeping fixed the invariant elements, multiplying the anti-invariant
ones by a parameter £, and then taking the limit ¢ — 0. So

h'" : local contraction: Py =gP;, Ps =8P, Jip = Jia e—=0 (2.52)

§'" : axial contraction: P, =P, Pa=¢Ps, Jn=¢J12 e—>0 (2.56)

where [Py, P, and Iy, stand for the new generators. It is a matter of simple calculation to
check that the effect of the local contraction is to make #; = 0 while keeping fixed the
value of &7, and that an axial contraction keeps fixed «; and makes k2 = . In the first
case, the contracted geometry ‘approximates’ the old one in a neighbourhood of a point and
in the second case, the contracted geometry is valid near a (first-kind) line in the original
geometry, hence the name of these contractions.
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In table 1, the effect of a local contraction is to move to the adjacent cel! in the
middle column, while an axial contraction moves to the middle row. For instance,
Euclidean geometry is the local contraction of the Elliptic geometry and also of the
hyperbolic geometry; the same happens for their motion groups (the Gel'fand triple
SO3) = E(2) «+ S0(2, 13). Similarly Galilean geometry appears as the axial contraction
of both Euclidean and Minkowskian geometry (E(2} = G(1+1) « P(1+1)). Equivalent
relations exist between the other rows and coelumns.

Another remarkable feature of the 2D-CKG is duality, which is a2 well known property
in projective geometry; for dimension two it boils down to the complete equivalence of
points and lines. However, when metrical properties enter the scheme, duality is not
usually considered, and it is plainly clear that the properties of points and lines in, say,
the Euclidean plane are rather different and preclude any equivalence. But we can still
consider a transformation carrying points (or lines) of an original CKG into lines (or points)
of another CKG—that we will call the dual of the former. At the Lie algebra level, consider
a new choice of the three basic generators, Py, P, Iz, given in terms of the old ones by

Py =-Jiz Py=~P; Jiz=-P. (2.6)

It is quite trivial to check that the new generators span a CK Lie algebra (2.3), and that
the new values of the coefficients &, &> are equal to the old ones xz, 11 {(in this order).
From the algebraic point of view, this amounts to an interchange of the role of the two
basic involutions Sy, S;);, and geometrically corresponds to taking as points in the dual
geometry the (first-kind) lines in the old, and conversely. We can describe this interchange
by introducing a Lie algebra isomorphism Dp : gy, k) — S¢c,,¢p)» defined by the action (2.6)
on the generators and whose action on the coefficients is

- Dolrey, Kika, k2) = (K2, KiK2, K1). 2.7

In table 1 the duality corresponds to the reflection in the main diagonal (the elliptic, Galilean
and doubly hyperbolic geometries are autodual): dual geometries are in symmetric positions
about this diagonal and have isomorphic groups of motion. This notion of duality can be
generalized in the context of the 2D-CKG. A precise definition is given in [16, 17}; for our
purposes, we will say that a duality is a Lie algebra isomorphism gy,,,,) = 8¢« Which
induces & permutation of the measure coefficients (k}, k1k2, 7). In this case there are six
permutations of these three coefficients and the set of dualities can be expressed in terms
of three of them, the just-mentioned Dy, B, and I;. These two new dualities transform the
Lie generators in the following way:

Di(Pr, Pr, Ji2)} = (Py, —k1 J1a, P2) kL £ 0

(2.8)
D2 Py, Pa, Ji2) = (P2, —k2 Py, J32) k2 #0.

Note that, for k; = 0 {(x; = 0), | (II7) are not automorphisms, so there is no restriction in
assuming «Z = 1 (k7 = 1) whenever I, (D) are applied. In this case the action of both
cdualities on the coefficients is

Dilx1, kika, &2} = (k1, K2, K1k2) ki=1

(2.9)
Dk, kikz, K2) = (Kika, Ky, K2) "‘22 = 1.



Quantum two-dimensional Cayley—Klein geometries 5807

It is possible to give an explicit realization D of the CK algebras by matrices of g/(3, R).
The expression for the infinitesimal generators is

0 —K} 0 00 —K|1K2
D{P1)=(1 0 0) D(P2)=(0 0 0 )

a 0 0 1 0 0
(2.10)
00 0
D({J12) = (0 0 —Kz)
01 0

where the associations Py < ki, P2 © kkz2, Ji2 © K2 appear again. This allows one to
realize the 2D-CK groups as groups of linear transformations in R3. By exponentiation of
the matrices (2.10) we obtain the one-parameter subgroups which are easily expressed in
terms of a set of ‘generalized’ trigonometric functions with a second variable « as a label.
The (generalized) cosine C (x) and sine S,(x) are defined by )

1

COS /X ifek >0 JK sin Viex if € >0
Cex) =11 ifx =0 Sc(x)=1%x if k =0
. : )
cosh/—kx  ifx <0 sinh/—kx ifx <0.
o =K

(2.11)

These generalized functions agree with the usual circular and hyperbolic functions fork = 1
and ¥ = —1, respectively. For ¥ = 0 we have the ‘parabolic’ or Galilean trigonometric
functions. The main value of this seemingly innocent extension of notation is that it allows
a compact and clear way of writing many relations for classical and quantum CKG. We
mention here only the most elementary properties:

Clx) +kS2(x) =1
Celx £ ¥y = Ce{x)Co (¥) F 8 (x) S () (2.12)
Selx £ ¥) = 5 (xX)Ce () £ S (3)Coec ()

and also

iJEx —i/Kx

Co(x) = eV te VT

2
(2.13)
ei JEX _ e—i,/l?x
8 (x) = ——/——F—=
2./

On the otirer hand, as we have mentioned in the introduction, the physically relevant

kinematical groups appearing in the Bacry-Lévy Leblond classification [36] are also CK
groups. If we take P; and P, as the generators of the temporal and spatial translations,

respectively, and Ji, as the generator of the pure inertial transformations, the six 2D-CKG
with x2 < 0 have a physical interpretation as one-dimensional kinematical geometries (this
is kinematics in (i+1) spacetime). According to the pair (x|, &2} these are: oscillating
Newton—Hooke (1, 0), Galilean (0,0), expanding Newton-Hooke (—1, 0), oscillating de
Sitter (or anti-de Sitter) (1, —1), Minkowskian (0, ~1) and expanding de Sitter (=1, —1).
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The involutions &3, S;y and S are now the discrete symmetries: time reversal T,
parity P and PT. The local contraction (x; — 0} corresponds to the so-called spacetime
contraction and the axial contraction (x; — 0) with the speed-space one, With other
physical assignations of the generators of g, .., it is possible to obtain 10 out of the 11
kinematical groups. The static group is missing: it is not a CKG since its action on its space
of lines is not effective.

2.2. Central extensions of the Cayley—Klein algebras

The non-trivial central extensions of a Lie algebra g are determined by its second
cohomology group HZ%(g,R). For the CK algebras under consideration, the second
cohomology group is either {0} (for the simple algebras 50(3) and 50(2, 1)), R (for £Q2)
and P(1, 1)) or R? (for G(1, 1)).

From the point of view of physical applications, the extended groups often appear in
relation with representation groups. Typically, the interesting representations of symmetry
groups are projective ones, which can be linearized by using a representation group [37].
This group is an extension of the original group by the (dual of the) second cohomology
group; in this case, this amounts to considering extensions of the algebra g by either {0}, R
or R?, Let us first consider an extension by R? for all the cases, with the understanding
that in particolar situations the extensions might be trivial (an additional reason for doing
this so is that often a contraction ‘produces’ a non-trivial extension from a trivial one; this
underlies many aspects of the non-relativistic limit [27]). Therefore, we will denote by I
(j = 1, 2) two new central generators, and take as the non-vanishing commutation relations
for the extended CK aigebra g, ,,) the following ones:

[Jiz. Pyl = Py (12, Pl = =12 Py — ea kg [P, P2} =r1 2 + eyl (2.14)

with &;, 2 € R, Note that the extension with oz % 0 is trivial if «; # 0 (redefine
P, — Py + a312/kq), and similarly, the extension with ¢ # 0 is trivial if x, # 0
(S1z — Jip+ o f1/i}. Tt is straightforward to prove that the second-order Casimir of
ﬁ(n-#ﬂ is

C = P22 +IC2P12 +K1J122+2£¥2[2Pg + 2001 12, (2.15)

The characteristic properties of the non-extended CKG described in the previous
paragraph can be easily translated to this case. The involutive automorphisms of gy, .,
(equation (2.1)) are extended to involutive automorphisms of g§,,, ,,, defined by

Sor: (Pr, Po iz, la 1) —> (= Py, ~Pa, 1o, 11, ~ 1)
) (2.16)
S (P, Py, o Do )y — (P, — P, —J12, -4, ).

Obviously, the identity and the three automorphisms S'(o;, S’m, 5(2} = §(0;'~§(1 y constitute
again an Abelian group.
There are two basic contractions in gy, .., By making the following substitutions:

Local contraction: P =ch P;=¢Ps Jiz = Jpz I = &5
- I=¢h (2.17a)
Axial contraction: P=2p Py =¢Ps Jia=¢lp I =¢l

L = &2l (2.17b)
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in the commutation relations (2.14) and taking the limit ¢ — O we obtain a contracted
extended CK algebra with the coefficient &1 = @ (local case) or k2 = @ (axial one).

It is worth remarking that after the contraction (2.17) some trivial extensions become
non-trivial ones. When it is separately considered, only the Galilei case G(1 + 1) has a true
two-dimensional space of extensions; this group comes from contraction of groups which
have a true one-dimensional space of extensions (E(2) and P(1 + 1)} and these ones come
in tum from contraction from the simple groups (SO(3) and SO(2, 1)).

The set of six dualities existing in the non-extended case can also be implemented in
Gr,ipy- We give here only the expression for the extended ordinary duality, Dy, since it is
the only one that will be used in the g-deformation of §,, .- lts action over the generators
of 8y, y)» the &; coefficients and the extensions parameters o is

DBo(Pi. Po, J12, Iy, Bp) = (=12, — Py, ~P1, =l = 1)
] ] @.18)
Doy, k142, 2} = (K32, k1k2, KD) Dofar, az) = (@2, @1) .

It can be easily checked that D is an automorphism of Beey ko)

3. The quantum Cayley—Klein algebras

We recall that an associative algebra A is said to be a Hopf algebra [24] if there exist two
homomorphisms called coproduct (A : A — A ® A) and co-unit (¢ : A —» C), as well
as an antihomomorphism (the antipode  : A — A) such that, ¥g ¢ A

(id ® A)Aa) = (A @ id)A(a) (3.1
(id @ €)Aa) = (e @ id)A{@) =a (3.2)
m((id ® y)Ala)) = m{(y @ id)A(a)) = €(a)l (3.3)

where m is the usual multiplication m(z @ b) = ab.

3.1. The quantum non-extended Cayley—Kliein algebras

The universal enveloping algebra of the CK algebra g, ., is a (classical) Hopf algebra with
coproduct, co-unit and antipode given by

AX)=1®8X+X®1 AN =1@1

(3.4)
eX)=0 e(l)=1 yXy=-X

where X € {Py, P2, Ji2}. An algebra element Y is said to be primitive if A(Y) =

IeY+Y®l.

To obtain a quantization [38,39] of Ug,,, ..,, we have to define a deformed Hopf
structure on the compietion of Ug,,, ., (the universal enveloping algebra of gy, ,)) denoted
as A = Ug,,, .p®C [{z]] (where C[[z]] represents the associative algebra of formal power
series on z and coefficients in Ug,, ,,))- Such an algebra must be isomorphic (as Hopf
algebra) to Ugy, ..,y When z — 0,

Once the deformed coproduct has been given, e and y are derived from it by solving
(3.2) and (3.3). On the other hand, the commutation relations associated with a given
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coproduct have to be compatible with it as a homomorphism. We introduce the following
deformed comultiplication (with g = &):

AP)=10P+ @l

_Lp Lp
A(P) =e @ P + Py ge?™ (3.5)

{
AU =e 3 @ Jp+ Jip ®eT2.

This definition is easily proved to be consistent with (3.1) and has the right *classical’ limit
(all generators are primitive when z — 0).

The deformed commutation relations are obtained by imposing A to be a homomot-
phism. This general condition is translated into three equations:

—‘lZPz isz
A([J12, P2)) = e 2 @ [J12, P2l + [J12, 2] ®e2

1 i
AP, Pol) = " TP @ [Py, Py) + [Py, P @ €7°2 (3.6)
ALz, D) =e P2 @ L, A+ [Jia, B 1@ T2

and the limit z -+ 0 of their solutions have to be precisely (2.3). A simple Ansatz for a
solution is to keep the “classical’ commutators for [Py, P} and [J12, P2], and to try for the
remaining commutator

[Ji2, Pi] = a(2)(& — ey = g(2) S_,2(Py). ' 3.7

This is indeed a solution of (3.6) for any function g(z). Requiring lim;_q g(z)8_2(Py) =
P, we must choose g(z) such that lim;.,q g(z) = 1. As we shall see in the next section,
the simplest solution g(z) = 1 allows us to preserve formally [Ji2, P1] under contraction
processes. Therefore, we pose as deformed commutation relations associated with (3.5) the
following ones:

iz, Pl = S_2(P) [S12, Pl = =2 Py [Py, Ps] = k1412 (3.3)

The standard g-numbers [x], = (¢* —¢7%)/(q — g~") (that in fact correspond to g(z) =
(2z)/(e* — e~*)) are now replaced by the generalized sine function (2.11). Note also that
(3.8) guarantees the existence of a deformed set of commutation relations whatever the
value of the coefficients x;. We shall emphasize this point below.

A straightforward calculation shows that, for X € {Py, P2, J2} the co-unit € and the
antipode y are

3 1
€«(X)=0 (X)) = —e27f X e 7°R . (3.9

The laiter expression can be rewritten in matrix form by using (3.8) and expanding the
antipode as an exponential of the adjoint action. Generalized trigonometric functions appear
again as essential constituents of our structure:

P\ G 0 —aiSaG) (P
v P j=— 0 1 0 Py l. (3.10)
yF! KZSKW:(%Z) 0 CK;K:(%Z) J12
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A second-order element belonging to the centre of the Hopf algebra A under (3.8) can
be found. The computation is rather simple provided the essential properties (2.12)~2.13}
of the generalized trigonometric functions are known. The Casimir reads

C; = 4Cr (32)[S—nt (£ o) + (/DS (32) 2 PE + 1 JB). 3.11)

The coincidence of the limit z = O of €. with (2.4) can be easily checked. The explicit form
of the quantum algebra properties for the nine possible cases is displayed in table 2, where
each g-algebra is described by (1) the name of the corrgsponding ‘geometrical” algebra;

(2) the pair (x|, «3); (3) the deformed commutation relations; (4) the matrix realization of
the antipode acting on the column vector (Py, Pa, Ji2) and, finally, (5) the ‘second-order’

g-Casimir. The coproduct (3.5) and the co-unit (3.9) are the same for the nine cases.

Table 2. The nine three-dimensional quantum CK algebras.

g~elliptic

50(3)g; (1.1}

[Viz. 1] = S_2(F2)
[Ji2. P2l =Py
[Pr.Pa]=dp2

cos(§z) 0 —sin(}2)
- 0 1 o

sin(32) 0 cos(37)
C, = 4cos(32)52 4 (4 Py}
+3sing2){ P? + 13
g—co-Euclidean
iso(2)g; (1,0
Viz. Pl = S_p2(Py)

L1z 2] =10
[Py, Pl = Ji2

10 -}z
-f0 1 0

00 1
C: =482 ,(3P2) + I}

g-co-hyperbolic
50(2, 1)g; (1, ~1)
fho, P] = 8_p2(P2)
. Bl= 8

[Pr. Pl = 12

cosh(3z) O - sinh(}z)
- 0 1 ¢

—sinh(32) 0 coshi}z)
C, = 4cosh(32)$? (5 P

— }sinh(4z){ P7 ~ 73}

g-Euclidean
iso(2)g; (0,1)

[fiz, ] = 5_pa(P2)
[J12. P2l = =P
[Plo PZ] =0

1. 00
-f0 10
3z 0 1

C. =452 (A Py + PR

g~Galilean

fiso(1)g; (0, 0)

LNz, Pil=S_2(P2)
[Ji2, Pa] =0

[P, P]=0

1 00

- (0 10
001

C; =482 L (3 P2)

g-Minkowskian
iso(1, 1)g; 10, 1)
[iz. 1] = §_2(P2)
[Jz.Pl= Py

[P, Pl =0

i 00
-1 0 10
-3z 0 1

C; =482 (4 Py - P}

g-hyperbolic

502, Tg; (=1,1}
[fiz, il = 8_2(P2)
[Ji2, Pal = =Py
[Pt, P2l = =12

cosh(3z) O sinh(}z)
- 0 1 0
sinh(3z) 0 cosh(}z)
C; = 4cosh(32)5? z,(,g P}
+2sinh(y2){ P} - 73}

g—co-Minkowskian
iso(l, 1) (-1,
[Ji2, P1] = §_p2( P2}
[Ji2. P21 = 0

[Py, Pal = —-J12

(1 0 5:)
-{0o1 0

00 1

C: =48 (3P -

g-doubly hyperbolic
502 g3 (=1, ~1)
[12, Pl = S_p2(P2)
(2. Pal= Py

[P, Pal = =12

cos(3z) 0 sin(iz)
- o 1 ¢
- sin(%z) 0 cos(%z)
C. =4cost§n)§? (4 Py)
- Esingjo) | PP+ S3}

If we take for P, the fundamental matrix representation (2.10) of the algebra, we
obtain S_;:(D(Pp)) = (Sy,.,(z)/2)D(P3). This fact allows us to define the fundamental
representation of the quantum CK algebra (obviously verifying (3.8)) by
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Dy(Py) = D(Py)

S
Do(Pr) = 2222 pep (3.12)

Dot = 222 p(sg).

It is worth of remarking that this fundamental quantum representation coincides with
the classical one (equation (2.10)) when either &} or &3 (or both) are zero.

As far as physical applications are concerned, the co-Euclidean quantum algebra has
already been shown to be relevant as a model to describe the symmetry of the harmonic
chain [11]. The fusion of phonons has been derived from the quantum structure and the
spacing of the chain is related in that model to the deformation parameter.

3.2, The quantum extended Cayley—Klein algebras

‘We shall discuss two possible approaches to deformations of the extended CK algebras.
Firstly, we consider a five-dimensional extended algebra gy, .. for all CK algebras
and we ;leform the classical Hopf structure of U/g,, .., making the ansatz that the new
generators I, I3, are chosen with the same coproduct as, respectively, Ji2 and Py, in order
to obtain deformed commutation relations with the correct classical limit. Both generators
of the extensions are again required to be central. This approach leads to three subcases,
depending on whether both I and 75, or only one of them (I, or I,) is non-primitive.
The second main approach is to consider a four-dimensional extended algebra for all cK
algebras, adding only one new generator (/| or f3) according to any of the two following

possibilities:
[Jio, Pl = P, [f12, P2l = =12 Py [P, Pl=x\Ja a1y (3.13)
[Jiz, Pl = P2 [Jig, P2l = —ia Py — an ]y [P, Pl =ux1J5n. (3.14)

(It is better not to drop the subscripts in Iy, [, ¢, a2.) The first extension is again
trivial if «; % 0, while the second is trivial if k7 # 0. In both cases, it is possible to deform
all extended CK algebras with a generator I; (7;) which is required to be central and to have
the same coproduct as Ji2 (Py).

3.2.1. Hopf structures for five-dimensional extended algebras.

(a) I; and I non-primitives. In principle, we may enlarge the non-extended algebra
coproduct (3.3) for the extended algebra as follows:

AP)=19P+P®I
—'l"zP lzP

A(P)=e" 77?2 Q@ P+ P, @e2™"
-lsz ‘l'zP

A(Jp) =e 2 @ Jpp + /12 @2 (3.15)
—l:F Le

A{ly=e 2@ L1+, ®e2™

1 1
Alh)=e"22@ I, + I, @27,
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We must check that (3.15) is an algebra homomorphism with classical limit given by
{2.14), where I, and [y are central generators. This latter condition means that we have to
impose

APy, ;) = [A(Py), AlI)] = A(lJ12, ;] =0 i=1,2. (3.16)

However, (3.16) is already a strong constraint that it is only fulfilled if «; = «3 = 0. This
coproduct is compatible with the commutation relations

[Ji2, P2l = ~o2ly (P, Pl=ail). (3.17)
It remains to solve the homomorphism condition for the bracket

[Nz, Pl = flz, Py). (3.18)
It is easy to check that (3.18) requires o) = oz = {}, and in this case f(z, Py) = S_a2(P).

Therefore, we recover the quantum non-extended Galilei algebra as the only possibility
fulfilling (3.15).

(bl) It primitive and I non-primitive. Another natural candidate to coproduct with J;
primitive and [ nop-primitive is

AlJp)=1®Jp+ Ja®1 AN=1@5LH+I1®1

L 1 Los Lo
A(P|) —_ e—zm.ﬁze——zzam ® Pl + Pl ®32““ 'zezz“' f
L i i 1 (3.19)
A(Pz) = e~ 3% f:ze—‘z'zmh ® P2 4 PZ ®e§zmhze§za, I

1 1 1 I
A(Iz) = e—izflftze—izﬂfgh ® 12 + IZ ® e'ﬁ'ZK;.’]zeEZtrlh .

Now we have to require that (3.19) defines a homomorphism with central elements [y,
I, and with a set of deformed commutation relations consistent with (3.19), which are

N2, Pll= Py [J12, P2l = —ra Py — 02Dy [P, Pl = S_p (k1 Jip o f1) .
(3.20)

These requirements lead us clearly to a2 possible solution if we assume x; = 0 (see
appendix). This sitplifies our coproduct which now reads

AU =10 S+ 720 1 AW =1@L+L @1

1 1
A(P]) =e—izm!1 ® PI + P] ®e§m;f;
l 1 (3:21)
A(P) =€ 7 @ Py + Py @ 2™

! 1
Aly=e 7 @1, 4 I, gei™ .

The commutation relations consistent with (3.21) are

(12, Bil= P, (12, P2l = =k2 Py — a1y (P, Py) = S_.(w ). (3.22)
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The co-unit is defined as
e(X)y=0 Xel{P, Pa, Jia, I, 12} (3.23)
and the antipode is simplified due to the central nature of e*%’“” H

1 i
y(X) = —ez i x g73h = _x XelP, Punduhi B}, (324

The second-order invariant is given by

C: = P24 uaP? + 20, Py + 28_p2(cy ) s (3.25)

(b2) I primitive and I non-primitive. This case is quite similar to the last one. The
proposed coproduct is

AP)=1@PA+PBI AQ)=1@L+5L®!

~ymaPr - groal Py Fronl
A(P) =e TN TR Q Py + P, @2 777

: ! 1 1 (3.26)
A(Jp) =" 7P e @ Jy 4 Iy @ e27M 0270
1 1
A(Il) = e"'z‘m-"x e'szfz Q6+ I ®e%sz1 e%m”z
and the deformed commutation relations are
[Jiz, Pil= P, [fi2, P2] = =S_p2(k2 Py + aalp) [P, P =K1 Jiz+ e d; .
(3.27)

Now the requirement of [, I; being central elemenis leads to a set of equations, which
certainly have a solution for k» = 0 (see also the appendix). This simplifies our coproduct
again:

AP)=13P+P®1 AllL)=16L+L@1]

1 1
A(Py) =e 2% @ P, + Py @ e272R

. . {3.28)
A =" T0R @ Iy + Sy @ e2720
1 1
Ah) =e 27 @ I + I, ® €70,
The commutation relations consistent with (3.28) are
[Ji2, Pll= P2 [Jiz, P2l = —8_z2{onlz) (P, Rl=x1Jin+auly, (3.29)
The co-unit is defined as in (3.23) and the antipode is
1 1
y(X) = —e2™hy egmaimh = _x X € (P, Pp, Ji, I, ). (3.30)

The second-order invariant is given by

C, = P? 4] + 28 p(enl) P+ 2001 Jy2 . (331)
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3.2.2. Hopf structures for four-dimensional extended algebras.
{cl} I, primitive. We choose the coproduct

AU) =1@ Jiz+ J/p® 1 A=10h+5L®1
1 L 1 1
A(PZ) = e-zzkl,ﬁz e—zzm[[ ® P2 + P2 ®e§‘zk1ftz e-izmh (3.32)

-li -1 ! -l-xJ’ 1 I
AP =& T2 T @ P 4 Py @71 e

It is straightforward to prove that (3.32) defines a homomorphism with central element
I provided the following commutation relations are satisfied:

[Jiz, Pl = P [Nz, P2l = —2 Py [P, PBl=38_r(aJiz+al)). (3.33)

The co-unit is again identically zero and the antipode is

san ggaml y o~z Ju =il ot y o321
}’(X) = —a2¥1/n @3N Y 2 TG GTRIN o o TR Y @m0 12 (3_34)

with X e {P1, P;. Jia, 1} The explicit form of the antipode in terms of generalized
trigonometric functions is

Py Cu(ki32)  Sqladz) 0 0\ /P
Py | _ _| ~*2Su13z2) Colcgz) 0 O] P2

Vo | = 0 0 1 0 Jiz (335)
I 0 0 0 1 I

Recall that, at a classical level, the extensions by J; are trivial when &y # 0. The
remaining cases give rise now to quantizations of the extended Euclidean, Galilean and
Minkowskian algebras. Physical applications of these deformed structures are worth
studying, since it is known that the presence of I; corresponds in the Minkowskian
and Galilei classical algebras to a uniform and constant force field built-in in the “free’
kinematics.

The deformed second-order Casimir is now

K1z 1
Cz = 4CK2 (%) [Jclsizlez (-z—.flz) C_zz(dl I;)

1 2 z
+ 55 2 (le)S_zz(anh)] g Se (fc: 5)[1’22 + k2P (3.36)

{c2) I primitive. For this subcase the coproduct is
AP)=183P+ A1 . AR =18L+L1
1 | i 1
A(Pz) = eF'Z'ZK2P| e—il&zh ® PZ + P2 ®e§'2k’gﬂ eizﬂzh (3.37)

—lz:qP; -lm;!g lz:qP‘ lzagh
A(Jyp) =e 29072 R Jpy + Jjp @27 e
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and the commutation relations, co-unit, antipode and Casimir are given by

[Ji2, Pl = P, [J12: P} = —S_2(k2 Py + azlp) [P, Pl = w112 (3.38)
] 1

e(X)=0 y(X) = —e22P y gm TPy X={P, kP, Jiz, 5} (3.39)
P 1 0 0 4] P
P2 0 CK| (KI%Z) K| Sx; (Kz%z) O Pz

—— 3.40

"1 o 0 —S.(ai2) Colln 0| Ju ©.40)
I 0 4 0 i I

z i 1
C, =4C,, (Kz-z-} l}czSEzz"% (E Pl)c—zz(azfz) + Es—zlx%(Pi)S—z! (0!212)]

2 z
+ K—ZZS,,, (:cgi)[Pg + w1 Jh]. (34D

Remember that these extensions by I, are trivial for &3 # 0; in this case we recover
the quantum non-extended relations with a primitive generator P;. The three non-trivial
extensions correspond to the quantum deformations of the ‘absolute time’ kinematics,
which are the oscillating and expanding Newton—Hooke algebras and the Galilei algebra
(in geometrical terms, the co-Euclidean, co-Minkowskian and Galilean algebras). For all
of them, /> denotes—in the classical interpretation—the mass of the system. Finally, note
that, in the classical case, this extended Newton-Hooke oscillating algebra is isomorphic to
the oscillator algebra. Here this (classical) isomorphism again relates this quantum algebra
with the deformed harmonic oscillator algebra defined in [6] and [40].

Another possibility, not studied here in detail, consists in taking two generators of the
non-extended algebra as primitive, while the other one and the central extensions /) {or )
as non-primitive. It is easy to check that only two g-deformed four-dimensional extended
algebras appear and both cormrespond to the Galilei case. One of these (extension by /3)
was originally obtained by the Firenze group [9, 10] and our basis is {B,T, P, M} —
{/12, P1. P2, I2]). In the classical case, this extended Galilei algebra describes the Galilean
kinematical symmetry of a particle with mass (the mass operator is just /2). The dynamical
symmetry of magnons in the Heisenberg model has been described by using this quantum
extended Galilei (1 4 1) algebra. These authors have shown that the symmetry of the
quantum group is completely equivalent to the Bethe ansatz for these systems and that the
deformation parameter has again the physical meaning of chain spacing. The remaining
g-deformation corresponds to the extension by [y, with Py, and Jy; as primitive elements.

4. Fundamental structure of the 30 ¢g-CK algebras

The underlying scheme of involutions, contractions and dualities characterizing the classical
CK structure arises from the analysis of its geometrical meaning, as we have shown in
section 2, Once we make a deformation of the CK Lie algebras, the basic geometrical
notions such as homogeneous spaces, spaces of points and lines, curvatures, etc are no
longer applicable; we are just dealing with a precise deformation of the Ck algebras., The
remarkable thing is that we can translate to the quantum case the whole non-deformed
fundamental structure that characterizes the (classical) CKG. This fact has a rather simple
but important consequence: the deformation parameter z also has to be transformed under
the action of the quantum involutions, contractions and symmetries, and we have to study
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the properties of these transformations for the complete Hopf structure. The possibility
that the deformation parameter has to be related with some dimensional quantity was firstly
stated in the restricted context of contractions of quantum algebras [S5]. This is actually
the case for the physical systems for which these quantum algebras have been successfully
introduced as symmetries [8~11]. The g-CK scheme supports this point of view and, at
the same time, shows that the geometrical concepts that define the intrinsic structure of the
classical CK algebras are also relevant in order to build the corresponding quantum objects.

In the following we will give the generalized notions of involutions, contractions and
dualities compatible with the quantum deformations defined in the previous section. All of
them agree with their ‘classical’ counterparts in the limit g — 1. For the sake of clarity,
we present separately the non-extended and extended cases.

4.1, Fundamental structure of the non-extended q-CK algebras

Involutive automorphisms. The involutions in U, g, .,) can be defined as follows:

Sty 1 (P, P2, i 2) = (=P, —Pa, iz —2)
4.1)
Sy 1 (P, Py, i 2) = (P, —Py — 1 —2).

The product 8%, = 5%,8%, is also an involution which together with (4.1) constitutes
an Abelian group (Z; ® Z;). These symmetries leave invariant the commutation relations
(3.8) and the entire Hopf structure defined in 3.1.

Contractions. Two basic contractions also exist in Ugg, - We define them in terms of
the IW contractions by considering a transformation—dependent on a new parameter e—of
the generators and the deformation parameter. The transformed generators and the new
deformation parameter are denoted by Py, P;, J)» and w, respectively. The explicit form
of these two contractions is

g-Local contraction: P, =:&P; P;=ch Ji2=Jn2 w

I
™l
™
+
=]

3.2)

g-Axial contraction: P, = P, Pr=ch Jiz =&

g
1
m[w
Lu]
¢
(=4

(4.3)

After writing the new commutation relations and the new Hopf structure, it can be easily
shown that the limit ¢ — 0 of {4.2) or (4.3) gives rise to a g-CK algebra with, respectively,
&1 =0 or k3 = 0. The composition of both transformations is also a contraction that makes
both coefficients vanish. In order to show how this works, let us explicitly compute the
g-local contraction.

We apply the contraction transformation (4.2) to the commutation relations:

12, Py] = £5_2(Py) = &5_g2,2(P2/ ) = S_wz(]P’z)Zo S_2(Py)
2. 2] = —k2e Py = —1aPy 228 — iopPy @4
[Py, P] = &%,y iz = £2K1J1222 0.

Note that the Lie bracket [Ji2, P] is formally preserved under contraction {due to the
definition (2.11) of the generalized sine function). It is easy to check that any other choice
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for the arbitrary function g(z) in (3.7) different from g(z}) = 1 would not satisfy this
property.

The coproduct and the co-unit are invariant under contraction (they are common for all
the g-CK algebras). The antipode (3.10) is transformed in the following way:

Y(P]) = _scxlkz(liz)Pl + KIESKHQ(%Z)Jiz = _Cﬂxz(s%w)]pl + K|£Sm,¢,(8%w)ﬂ[2
= = Cou2 (GWIP1 + k18" S 2 (FW)T1a

y(Py) = —ePy= -, (4.5)
X
y(Jh2) = —K28e,,(32) Py — Copy(32) 12 = —fsm, (ew)P) — Copy(e3w)T 12
= - ’CZSklxzsz(]iw)]P] - Cx,x;az (%w)JIZ

and their £ —> 0 limit is just

P 1 0 0 /P
(2)=-( o 1o)(r) 6
Ji2 kazw 0 1/ \Jp

which coincides with making «; = 0 in (3.10).

Dualities. The set of six dualities in gy, ,,) can be generalized to U,g,, ., by defining
suitable transformation properties of z and preserving the ‘classical’ effect over the
generators and coefficients ;. The three basic dualities Df, D and D} are displayed
in table 3 which gives the transformed generators (P, Pa, Ji2), deformation parameter (i)
and measure coefficients (¢’;). By means of these transformations, the ‘dual’ commutation
relations, second-order Casimir and Hopf homomorphisms (writing for the antipode y its
associated matrix acting on the column vector (P, Ps, J12)) are obtained.

Two interesting remarks conceming the meaning of these quantum dualities can be
made. First, the ordinary quantum duality D{ can be applied to the nine geometries and
leaves the complete structure of U,g,,, ., invariant. This means that the classical duality
between points and lines in a pair of dual geometries is now translated into a duality of
the deformed Hopf structures. Therefore, this duality is an automorphism in U,g,,, .,, and
it establishes an isomorphism between quantum CK algebras preserving P> as primitive
generator,

On the other hand, the remaining dualities can only be meaningfully applied to some
geometries: to apply DY (DY), i (kz) must be different from zero (a discussion of the
geometrical meaning of these restrictions for the classical case is given in [16, 17]). Their
effect on Uz g, .., consists of the change of the primitive generator. The classical dualities
relate different geometries with the same CK Lie group. Their quantum analogues connect
different possibilities to choose a primitive generator within the ¢-CK algebra. This is
illuminated by considering any of the orthogonal g-CK algebras (i.e. s0(3), or s0(2, 1),),
where all dualities can be applied. We may take any generator as primitive element and
we shall find—in any case—a formally similar deformed Hopf structure and commutation
relations. For the other algebras the restriction on the values of «; now prevents the deformed
commutation relation from disappearing under the change of the primitive element. In this
sense, these dualities define a kind of formal equivalence between deformed algebras.
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4.2. Fundamental structure of the extended q-CK algebras

The pattern described above for the non-extended CK algebras can he reproduced for the
extended ones. For the sake of brevity, in the sequel we summarize the main results about
them.

Involutive automorphisms. For each of the five different quantizations defined in 3.2 there
exists a commutative group of four symmetries (including the identity). These five sets of
involutions have the same effect on the generators as in the classical case (see (2.16)). The
only difference lies in the transformation _properties of the deformation parameter z. We
show the action of the basic involutions, S, wa on z:

Case S St
blicl =z I — —Z 4.7
b2ic2 Z—= —z ZI—=z

Contractions. The contraction procedures simply correspond (0 making «; — §; their
complete effects on generators and on the deformation parameter z are displayed in table 4.

Table 4. Contractions of Up iy, c,)-

Case k=0 Quantum algebra transformation

bl Ky = 0 Jla=¢e2 P=nP Py=cPy ]I.g=£2,fz I1=¢f) w=zfe

b2 € =0 Ji2 = J12 Ph=zh Po=ch B=cth L =£2!1 w=1zfe

cl k1 =0 Jiz=J2 P=eh Pr=ehl; I, =& w=1z/e?
K2—>0 Ju:s.ﬁz P[:P] ]Pz =£Pz [1:811 w=z/s

2 k=0 Ja=0z Py=¢P Pr=ePy I=ch w=zfe
k2 = 0 Jiz =2 Py=P Tz:EPg Bz ='€2fz w=zj£2

Ordinary dualiry. The ordinary duality B} acts in U,g,,, ., as follows:
DE(P, Pa, iz, 11, Iy 2) = (—dya, — P2, = Py, ~ Lo, =1\ ~2) (4.8)

and it transforms the coefficients «; and e; as in (2.18). On the other hand, @g interchanges
by pairs the following CX quantizations: (b!) with (b2) and (ci) with (c2).

5. Concluding remarks

The main result of this paper is the establishment of a systematic setting which allows
a unified pattern of description of some g-deformations of CK algebras and their central
extensions. Within this set of g-deformations, the deepest characteristics of the classical
CKG survive and permit one to consider contractions, dualities, etc. We have discussed here
at some length only the case N = 2, and even while some of the individual deformations of
the non-extended groups have been found previously, we feel that the method is vatuable,
because of the structural scheme it affords. One rather appealing trait is the natural
appearance of the deformation parameter as a quantity with physical dimensions. This
is particularly clear in the ‘kinematical’ cases &7 < 0 where the basic involutions could
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be interpreted as the quantum versions of parity and time-reversal automorphisms. From
(4.13 4.3}, (4.7) and table 4, it follows that the deformation parameter is transformed under
involutions and contractions in the same way as the primitive generator, In those cases where
P, is primitive, it is therefore natural to assume that z has dimensions of length (recall that
for k2 < 0, P; generates space translations). This is indeed consistent, as has been proved
by the lattice models built by using the Poincaré and Galilei quantum algebras {9-111. In
fact, it is also possible to consider other two kinematical assignations of the geometrical
generators with P, playing the role of time translation or inertial transformation, so that the
possibility of finding different models where z might have different physical meanings is
open [8].

Another remarkable but rather expected fact is that as one moves from the simple
cases (both x; 7 Q) towards the «; = O algebras, more essentially different possibilities
of deformation appear. This kind of ‘degeneration’ is indeed also present at the purely
classical level.

In addition to these remarks, perhaps the main interest of this kind of approach lies in
the possibility of its extension to higher values of N. In the classical CK groups this is
possible and a nice scheme includes the simple groups as well as the »-quasisimple ones
obtained by contraction, independently of the value and the parity of . One could expect
some differences between the even and odd cases for the guantum deformations of orthog-
onal groups, as they belong to different series of simple groups. The first odd case, N =3,
is attractive from a physical point of view, and a supply of different g-deformations of the
{2 4 1)-dimensional kinematical groups would undoubtedly open the way to new madel
buiiding. Furthermore, having a comprehensive idea of the first odd case would also clarify
the way—or show the blocking difficuities—to an extension to higher dimensions. Work in
this direction is in progress.
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Appendix

To show whether (3.19) is compatible with /; and I» being central elements we have to
compute A{[Py, I;]), APz, Ii]), A([J12, ;1) for | = 1,2 and to impose these brackets to
vanish under these central conditions, Since [, is a primitive element it is easy to check
that all these requirements are fulfilied. However, the problems arise when we study the
non-primitive extension /5.

It is straightforward to see that A{[J}2, /;]) = 0 if and only if [J/y2, I5] = 0. Hence,
only the commutation relations between non-primitive elements remain to be studied. If we
compute them we obtain

AP, L] = e /e b @ [P, K]+ [P, L1 @ e gt
+ e—%zm Jiz e-—%zmh 12 ® [‘Pi e%!"!-’l! e'%zal!l]

1 1 1 1
+ [Pl's e—zzlt;.fu e-—zzﬂﬂ]] ®e22k1.’12 ezzcﬁlf]Iz (Al)
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where i = 1,2. To go on with the computation, we take into account the fact that a
power-series form of the generalized trigonometric functions (2.11) is given by

-y _ f_f_”:__
Se(x) = l§=0( K) ZTEN
(A2)
Sy
Ce(x) = I§=U:( x) ahi-

It is possible to expand the brackets involving exponentials in (AI) and the resulting power
series can be rewritten as generalized sine and cosine functions by means of (A2). The final
expression reads

AlP, I} = e—zm.hz e~ It [P, LI+~ h® ele.!lz ezu.!,
1 1
+ e‘i”“’" e_imlh L® {(I — Cy, (i %Z))(KZPI + oa0p)
1 -l-zx J lzne 1 I
= Se(kigz) Ple2™1 22"t 4 (1 = Colerie) Py + azh)

| —lzx.f ---l-mi '!':xf lza}'
+Sx=(K|§Z)P2}C g o3l oy T2 0T 1112

(A3)
APy, ] = e el @ [Py, 1] + [Py, Ip] @ €17 g7

1 1
+ e~ 302 p=FEh L® {(1 - ng(KI%Z))PZ
i L
+ (k2 Py + 02 015) 8, (k1 52) } o212 2% 1 fa- C,,z(.rq%Z))Pz
L 1 i 1
— (2 Py + aa1y) S, (1 b2y ) 7T e 727l @ epifn gy,

Since S, (0} = 0, C.(0) = 1, $p(x) = x and Cy(x) = 1, the terms limited by keys must
vanish to get /> as central element. Hence, &; must be zero to preserve the homomorphism
conditions (A3).

The proof is similar for the coproduct (3.26); now, the non-primitive extension is [y,
and we have to make «; = ( in order to get a Hopf algebra homomorphism. The reader
may check that both results are related by the g-duality Dg defined in (4.8).
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